To familiarize undergraduate students with the dynamics of a damped driven harmonic oscillator, a simple pendulum was set up and driven at its suspension point under different damping conditions. From the time domain analysis, the decay constant was estimated and used to predict the frequency response. The simple pendulum was then driven at a series of frequencies near the resonance. By measuring the maximum amplitude at each driving frequency, the frequency response was determined. With one free parameter, which was determined under the first damping condition, the predicted frequency responses showed good agreement with the measured frequency responses under all damping conditions.
Introduction
The simple pendulum is a traditional mechanical system discussed in undergraduate physics. Typically, it consists of a point mass attached to one end of a massless string, and the other end of the string is suspended from a fixed point. In the usual context, a simple pendulum is excited at the point mass, and when damping is an issue, resistive forces acting on the point mass, such as air drag, are considered [1] . In this study, we investigate the dynamics of a simple pendulum when it is excited at the suspension point and a damping force is applied at the suspension point. This damping force affects the pendulum oscillation as the oscillatory motion at the suspension point is transferred to the point mass. A practical example of such a system is the suspended optics used in the LIGO (Laser Gravitational Wave Observatory) gravitational wave (GW) detector [2] , and in fact we performed this study to familiarize undergraduate students with the LIGO suspended optics.
The LIGO detector is an earth-based Michelson interferometer designed to detect a strain of space-time on the order of 10 −21 as a relative change in the arm lengths that the interferometer supposedly experiences when a GW propagates through the earth. The mirrors located at the ends of the arms are suspended so that they act as free masses when the space deforms due to the GW. Since the expected GW signals are extremely small, it is crucially important to control the positions of these mirrors precisely. Ground motion transferred to the mirrors through the suspension point is a significant noise source. To suppress this disturbance, the suspension is designed so that the power spectrum of its oscillation has a high peak value at the resonance but a very low value near the GW frequency. Therefore, any damping factor such as friction at the suspension point is unfavourable because it broadens the spectrum and increases the amplitude at the GW frequency. The current generation of the LIGO detector is designed to detect GW signals in a 100-200 Hz frequency band, and all suspensions have resonance frequencies less than or near 1 Hz.
The purpose of this study is to demonstrate the physics behind the dynamics of the LIGO suspended optics through hands-on experiments. To this end, we set up a simple pendulum in our laboratory and excited it at the suspension point with sinusoidal inputs. In this paper, we describe these experiments and analyse the near resonance behaviour of the pendulum both in the time and frequency domains. In the time domain analysis, we measured the decay characteristic of the pendulum after the driving force at the suspension point was removed. In the frequency domain analysis, we excited the pendulum at the suspension point at various frequencies and measured the response of the pendulum. Using the decay constant obtained in the time domain analysis, we calculated the theoretical frequency dependence and compared it with the experiment. The theory and experiment showed good agreement with a single fitting parameter. Figure 1 conceptually illustrates the type of simple pendulum used in this study. A point mass is suspended by a massless string, and the pendulum is driven by sinusoidal motion applied to the suspension point. The equation of motion of the centre of mass is given as [3] 
Equation of motion
where m is the mass of the point mass, θ is the angle of the string at the suspension point, g is the gravitational acceleration, and T is the tension of the string. When θ 1, cos θ ≈ 1,ÿ ≈ 0, sin θ ≈ θ , and lθ ≈ x − x s , where l is the length of the string and x s is the coordinate of the suspension point. With these approximations, T = mg and mẍ = −T (x − x s )/ l, we obtain the equation of motion of the point mass in the x direction as
Next, consider motion of the suspension point. When the pendulum is freely hanging, the external forces acting on the suspension point are the tension exerted by the string and the damping force (friction) exerted by the surface of the suspension point on the string. Here, since we neglect the mass of the string, these two forces are the same in magnitude and opposite in direction, and we assume the damping force is proportional to the velocity of the suspension pointẋ s . Thus, the equation of motion can be given as,
where γ is the coefficient representing the damping force of the suspension point. Using equation (3), its time derivative, and equation (4) with T = mg based on the small angle approximation, we can eliminateẋ s and write the equation of motion of the point mass in the following form:
Equation (5) represents the motion of decaying oscillation. The solution is in general given in the following form:
where
, and the decay constant β is related to γ by
When the pendulum is driven by the mechanical oscillator at the suspension point, equation (4) becomes T sin θ + γ (ẋ p −ẋ s ) = 0, whereẋ p represents the velocity of the mechanical oscillator's pin, and the entire term multiplied by γ represents the force exerted by the pin. Since this force is a friction between the pin's surface and the string, it is proportional to both γ and the relative velocity of the pin to the suspension point (ẋ p −ẋ s ). This changes the equation of motion, equation (5), into the following form:
When the mechanical oscillator is driven with a sinusoidal signal, x p on the right-hand side becomes X p sin ω where X p and ω are the amplitude and angular frequency of the pin's sinusoidal motion. Under this condition, the steady-state solution to equation (8) can be written as
where x a (ω) is the amplitude given by
and δ is the phase delay given by tan δ = − 2βω ω 2 0 −ω 2 . Here ω 0 and β are the same as defined above for the free hanging case. By solving for the ω that minimizes the denominator of equation (10), we find the resonant frequency to be 
Experimental details
3.1. Pendulum Figure 2 illustrates the simple pendulum we set up for this study. To represent a point mass, the mass must be reasonably small. It is essential that the other degrees of freedom, such as rotational motions of the mass, are negligible and that the string holds the mass at its centre. Among various objects, we found that a nut worked the best. The string was made of a sewing thread and was 24 cm long, corresponding to ω 0 = √ (9.81/0.24) = 6.39 rad s −1 . We firmly tied one end of the string around the nut's donut-shaped body. The other end of the string was tied to the metal pin of the mechanical oscillator. To vary the damping, we tied the string to the pin under three different conditions. In case 1, we tied the string as firmly as possible to the pin directly. In case 2, we put scotch tape around the pin and tied the string over the tape, expecting that the string would slip on the tape to some extent. In case 3, we put oil on the surface of the tape before we tied the string, expecting that the tape's surface would be more slippery than in case 2.
We attached the head of the mechanical oscillator to a vertical rod typically used as a stand in chemistry laboratories. To prevent the whole system from oscillating, we stabilized the base of the stand firmly. An electric function generator drove the mechanical oscillator sinusoidally. In the frequency range used in this study, the maximum amplitude of the mechanical oscillator's pin was estimated to be less than 5 mm.
Time-domain analysis
When the driving force is removed, the oscillation of a simple pendulum decays according to the exponential term in equation (6); the greater the decay constant β (equation (7)) the more quickly the oscillation decays. The purpose of the time-domain analysis was to estimate the decay constant β from the measured decrease in the amplitude of the oscillation. We excited the pendulum at the suspension point, turned off the mechanical oscillator, and measured the location of the turning point of the mass as a function of time.
To obtain reasonably large initial amplitude, we drove the mechanical oscillator at 6 rad s −1 , which is close to the natural frequency of the pendulum. After the amplitude of the pendulum had grown sufficiently large but still in the range where the small angle approximation seemed reasonable, we turned off the function generator and recorded the time it took for the pendulum's amplitude to decay. Specifically, we turned off the function generator when the amplitude reached about 5 cm, and recorded the time it took for the amplitude to be reduced by every 5 mm. The amplitude was measured by reading the turning point of the mass with a ruler, which was placed behind the pendulum (figure 2). This gave us a plot of time versus amplitude, as will be discussed in the next paragraph. We repeated this measurement three times for each damping condition. The decay constant was determined by fitting the amplitude measured as a function of time (the time-domain data) to an exponential curve. Figure 3 shows the results of the time-domain data on a semi-log scale. The solid line represents the exponential function that was best fit to the measurement. Here the slope of the line represents β in equation (6). On plotting this figure, the first two or three points tended to be out of the linear range because the amplitude was too large for the small angle approximation. Consequently, they did not follow the trend line and we discarded those points. The error associated with the small angle approximation is estimated not to exceed 0.6% in the range where figure 3 is plotted. Conversely, the decay was faster when the amplitude decreased to less than 1 cm. A possible explanation is that when the amplitude was this small, the signal due to the pendulum motion became comparable to the motion of the vertical rod that supported the mechanical oscillator. As the pendulum's motion decayed, the energy transferred to the supporting rod diminished and thereby the rod's motion also decayed. Consequently, the observed signal was contaminated by the decaying motion of the rod, which presumably had a higher decay constant. We discarded these data points from the fitting as well. We neglected the decay of the mechanical oscillator's pin, because it was much faster than the other parts of the system. Figure 3 shows the decay constant β for all the cases estimated in this fashion.
Prior to the experiment, we had anticipated that case 1 would show the lowest β (because β is proportional to 1/γ ; see equation (7)), followed by case 2 and case 3 in this order. Contrary to our anticipation, case 2 showed the lowest β. This is because the tape created a pad around the rod. Consequently, when the string was tied on, it created a depression for the string to fit into. This increased the contact surface, helping the string hold the pin more firmly. As we anticipated, case 3 showed the highest β, which can be readily understood because the oil made the tape more slippery.
Frequency-domain analysis
The response of a pendulum depends on the driving frequency. The spectrum of the frequency response shows a maximum when the driving frequency is at the resonance given by equation (11). In our case β is two orders of magnitude smaller than ω 0 ; hence the resonant frequency can be approximated as ω 0 . The peak value and the width of the spectrum depend on the decay constant β; the greater the β, the lower the peak and broader the spectrum. The purpose of the frequency-domain analysis was to measure the frequency response of the pendulum, and compare the spectra among different damping conditions so that the consistency with the decay constant measured in the time-domain analysis could be examined. We varied the frequency of the mechanical oscillator and measured the maximum amplitude that the pendulum showed at each driving frequency. When the driving frequency was close to the natural frequency, the pendulum oscillated resonantly, as expected, showing the maximum amplitude. When the driving frequency was off the natural frequency, the beat between the driving motion and swinging motion was observed; from time to time the mass appeared to be swinging at very small amplitude or even appeared to be stationary. This beat represents the transient effect. So, we waited until the amplitude became constant for each driving frequency. We repeated the measurement for frequencies between 5 rad s −1 and 7 rad s −1 with a reasonable increment for the three damping conditions. Figure 4 shows the measured maximum amplitude as a function of the driving frequency for the three cases. The resonant frequency is readily calculated using equation (11) with the measured length of the string and the estimated decay constant. The resonant frequency among different cases vary by 1.5%. Since β is much smaller than ω 0 , it is likely that the observed difference in frequency is due to slight differences in the actual length of the string.
The frequency response of the pendulum was analysed by fitting the maximum amplitude measured as a function of the driving frequency to a theoretical curve based on equation (10) and the β estimated from the time-domain analysis. We used X p as a free parameter, and found that X p = 3 mm fit the case 1 experimental data best. Lines in figure 4 show the results of the analysis for the respective cases. The theoretical curves for cases 2 and 3 show good agreement with the experimental data when the same X p as case 1 was used. Using only one free parameter, we saw consistency between both the time-domain and frequency-domain analyses, and among the different damping conditions.
Conclusion
We carried out a very simple experiment to demonstrate the dynamics of a damped pendulum when it was driven at the suspension point. For three different damping conditions, we measured the dynamics in the time and frequency domain, and compared the results with analytical solutions. From the time domain results, we estimated the decay constant for each damping condition. Using the amplitude of the external force as the only free parameter and using the decay constant estimated for each damping condition, we fit a theoretical frequency dependence to the experimental results. Good fitting was observed consistently for the three damping conditions, indicating that, although very simple, the present experiment properly demonstrates the dynamics of the simple pendulum.
